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ABSTRACT. Gorenstein Fano polytopes arising from finite posets will be introduced.
Then we study the problem of which posets yield smooth Fano polytopes.

INTRODUCTION

An integral (or lattice) polytope is a convex polytope all of whose vertices have integer
coordinates. Let P C R? be an integral convex polytope of dimension d.

e We say that P is a Fano polytope if the origin of R? is a unique integer point
belonging to the interior of P.

e A Fano polytope P is called terminal if each integer point belonging to the bound-
ary of P is a vertex of P.

e A Fano polytope P is called canonical if P is not terminal, i.e., there is an integer
point belonging to the boundary of P which is not a vertex of P.

e A Fano polytope is called Gorenstein if its dual polytope is integral. (Recall that
the dual polytope PV of a Fano polytope P is the convex polytope which consists
of those = € R? such that (x,7) < 1 for all y € P, where (z,y) is the usual inner
product of R%.)

o A Q-factorial Fano polytope is a simplicial Fano polytope, i.e., a Fano polytope
each of whose faces is a simplex.

e A smooth Fano polytope is a Fano polytope such that the vertices of each facet
form a Z-basis of Z.

Thus in particular a smooth Fano polytope is Q-factorial Fano, Gorenstein and terminal.

@bro [0] succeeded in finding an algorithm which yields the classification list of the
smooth Fano polytopes for given d. It is proved in Casagrande [0] that the number of
vertices of a Gorenstein Q-factorial Fano polytope is at most 3d if d is even, and at most
3d — 1 1if d is odd. B. Nill and M. @bro [0] classified the Gorenstein Q-factorial Fano
polytopes of dimension d with 3d — 1 vertices. Gorenstein Fano polytopes are classified
when d < 4 by Kreuzer and Skarke [0], [0]. The study on the classification of terminal or
canonical Fano polytopes was done by Kasprzyk [0].

In this talk, given a finite poset P we introduce a terminal Gorenstein Fano polytope
Xp. Then we study the problem of which posets yield Q-factorial Fano polytopes. Finally,

it turns out that the Fano polytope Xp is smooth if and only if Xp is Q-factorial.
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1. FANO POLYTOPES ARISING FROM FINITE POSETS

Let P = {y1,...,ya} be a finite poset and P = PuU{0, 1} where 0 (resp. 1) is a unique
minimal (resp. maximal) element of P with 0 ¢ P (resp. 1 ¢ P). Let yo = 0 and yg41 = 1.
We say that e = {y;,y;}, where 0 <4, j < d+ 1 with ¢ # j, is an edge of Pifeis an
edge of the Hasse diagram of P. (The Hasse diagram of a finite poset can be regarded as
a finite undirected graph.) In other words, e = {y;,y;} is an edge of P if y; and y; are
comparable in P, say, ¥; < yj, and there is no z € P with y; < z < y;.

Definition 1.1. Let P = {Y0, Y1, .., Yd, Yd+1} be a finite poset with yo = 0 and yg4; = 1.
Let e;,i = 1,...,d, denote the ith canonical unit coordinate vector of R%. Given an edge
e = {yi,yj} of P with y; < y;, we define p(e) € R? by setting

ple) =e;—e; for 0<i,j<d+1,
where ey = €41 = 0. Moreover, we write Xp C R? for the convex hull of the finite set
{p(e) : eis an edge of P}.

Example 1.2. Let P = {y1,y2,y3} be the finite poset with the partial order y; < ya.
Then P together with p(e)’s and Xp are drawn below:

Oi:y4
L0 0,0,1)
Y2 Y2 o
: 1,-1,0
P = z O3 o EM( )
Y1 Y1 _
(AﬁMEJMLD

Lemma 1.3. The convex polytope Xp is a terminal Gorenstein Fano polytope.
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2. WHEN 1S X'p Q-FACTORIAL?

Let P = {y1,...,ya} be a finite poset and P = P U {yo, 941}, where yo = 0 and
Yd+1 = 1. A sequence I' = (Yiys Yigs - - - Yir, ) 1s called a path in PifTis a path in the
Hasse diagram of P. In other words, I' = (Yiys Yigs - - -+ Yiy,,) 18 a path in P if Yi; # Yiu
for all 1 < j < k < m and if {y;,,y;,,,} is an edge of Pforalll <j<m-—1 In
particular, if {y;,,v;,,} is also an edge of P, T is called a cycle. The length of a path
' = (Yiy» Yigs - - - » Yi,, ) 18 £(I') = m — 1, while the length of a cycle is m.

A path T' = (Yi,, Yigs - -, Yirnr ) is called ranked if

ﬁ{]yzj <y’ij+171§j§m}:ﬂ{k:yik >yik+17]‘§k§m}'

Given a ranked path I' = (vi,, ¥iy, - - -, Yi,. ), there exists a unique function

Hr ot {yiuyizw"?yim} - {071727}
such that

® ur(Yi; ) = pr(yi;) + 1 (vesp. pur(yi;) = pr(vi;,,) +1) if yi; < iy, (vesp. yi; >
Yijer);
® min{uf(yi1)7uF(yi2)a s 7/’LF(yim)} = 0.
In particular, T" is ranked if and only if pr(y;,) = pr(vi,,)-
Similary, a ranked cycle is defined. Given a ranked cycle C', there exists a unique
function pc which is defined the same way as above.

Example 2.1. Among the two paths and three cycles drawn below, each of one path
and two cycles on the left-hand side is ranked; none of one path and one cycle on the
right-hand side is ranked.

e RS A, 4

Let P be a finite poset. A subset Q of P is called a chain of P if () is a totally ordered
subset of P. The length of a chain @ is (Q) = #(Q) — 1. A chain @ of P is saturated if
z,y € Q with z < y, then there is no z € P with z < z < y. A mazimal chain of P is a
saturated chain Q of P with {0,1} € Q. Let y,z € P with y < z. The distance of y and
z in P is the smallest integer s for which there is a saturated chain Q = {20, 21,...,2s}
with

Yy=20< 21 << 2Zg=2%.
Let dist 5(y, z) denote the distance of y and z in P.
We now come to the main theorem.

Theorem 2.2. Let P = {y1,...,yq} be a finite poset and P=PU {Y0,Yda+1}, where
yo =0 and Ydtr1 = 1. Then the following conditions are equivalent:

(i) Xp is Q-factorial;



(ii) Xp is smooth;
(i1i) P possesses no ranked path T' = (yi,, ..., vi,, ) with y;;, = yo and y;,, = Yq+1 such
that

(1) pr (Yi,) — pr(vs,) < dist 5 (v, , ¥i,)

for all 1 < a, b < m with y;, < vi,, and no ranked cycle C = (yi,, ..., Vi, ) with
{yoa yd+1} ¢ {yu yYigy e - - 7yim} such that

(2) pe(Yi,) — pe(ys,) < diStp(yib, Yi,)

forall1 < a, b <m with y;, <v,,, and

(3) pe (Yi,) — e (yi,) < dist s (yo, ¥i,) + dist 5(Yi,» Ya+1)

foralll <a,b<m.
Recall that a finite poset P is pure if all maximal chains of P have the same length.

Corollary 2.3. Suppose that a finite poset P is pure. Then the following conditions are
equivalent:
(i) Xp is Q-factorial;
(ii) Xp is smooth;
(11i) P is a disjoint union of chains.

Example 2.4. Among the five posets drawn below, each of the three posets on the left-
hand side yields a Q-factorial Fano polytope; none of the two posets on the right-hand
side yields a QQ-factorial Fano polytope.

SEOR | Mo

Let P and P’ be finite partially ordered sets. Then one can verify easily that Xp is
isomorphic with Xp as a convex polytope if and only if P is isomorphic with P’ or with
the dual finite partially ordered set of P’ as a finite partially ordered set.

On the following table drawn below, the number of finite partially ordered sets with
d(< 8) elements, up to isomorphic and up to isomorphic with dual finite partially ordered
sets, is written in the second row. Moreover, among those, the number of finite partially
ordered sets constructing smooth Fano polytopes is written in the third row.
d=1|d=2|d=3|d=4|d=5|d=6|d=T7|d=28
Posets 1 2 4 12 39 184 | 1082 | 8746
Smooth 1 2 3 6 12 31 83 266
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