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Preliminaries

Throughout this talk,

k : an algebraically closed field.

A : a non-semisimple connected selfinjective finite-dimensional k-algebra,

(:⇐⇒A A ∼=A D(A) ⇔ AA
∼= D(A)A, where D = Homk(-, k)).

modA : the abelian category of finitely generated right A-modules.

ind A : the full subcategory of mod A consisting of indecomposable modules.

modA : the stable module category of A,

obj(mod A) := obj(mod A) and mod A(X, Y ) := mod A(X, Y )/ P(X, Y )

where P(X, Y ) := {f |X f //

  AAA Y

∃P
>>~~~

with P projective}.
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ΩA : mod A
∼ // modA : a syzygy functor,

i.e., ΩA(X):= the kernel of a projective cover PX → X.

Note that mod A is a triangulated category with a shift functor Ω−1
A .

Definition. The stable dimension of A is defined as follows:

stab .dim A := dim(mod A) (see Rouquier[5])

:= min{n > 0|〈M〉n+1 = mod A for ∃M ∈ mod A}

where 〈M〉n+1 is defined inductively:

for n = 0, 〈M〉1 := add{Ωi
AM |i ∈ Z}, and

if n > 0, 〈M〉n+1 := add{Mn+1|∃4 : Mn → Mn+1 → M1 → ,

where Mn ∈ 〈M〉n and M1 ∈ 〈M〉1}.

Remark. mod A
∆∼= mod A′ ⇒ stab . dim A = stab . dim A′.
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Motivation

Proposition 1. (Rouquier[4], 2006 cf .Auslander[1]) Let B be a non-semisimple

selfinjective algebra over a field. Then

LL(B) ≥ rep . dim B ≥ stab . dim B + 2

where rep . dim B := min{gl . dimEndB(M)|M ∈ modB is a generator and cogenerator},
LL(B) := min{r| rad(B)r = 0}.

Remark. stab .dim B is always finite.

Theorem 2. (Auslander[1], 1971) For any artin algebra Λ,

Λ : representation-finite ⇐⇒ rep .dim Λ ≤ 2.

Observation. B : representation-finite =⇒ stab .dim B = 0.
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Our result

The converse is also true

for selfinjective algebras over an algebraically closed field.

Notation

ΓA : the Auslander-Reiten quiver of A,

the vertices are the isoclasses [X] of X ∈ indA, the arrows are irreducible maps.

τA = D Tr : the Auslander-Reiten translation.

⇒ τA
∼= Ω2

A ◦ νA
∼= νA ◦ Ω2

A

where νA := D HomA(-, A) is a Nakayama functor.

M ∈ ΓA is τA-periodic :⇐⇒ τn
AM = M for ∃n > 0
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Proposition 3. (Y )

]{ΩA-orbits in ΓA} < ∞ =⇒





(1) ]{τA-orbits in ΓA} < ∞, or

(2) ΓA is finite.

Proposition 4. (Liu[3], 1992) For a finite-dimensional algebra Λ over an algebraically

closed field,

Λ is representation-finite ⇐⇒ ]{τΛ-orbits in ΓΛ} < ∞

.
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Theorem 5. (Y )

A is representation-finite ⇐⇒ stab . dim A = 0.

Proof. It is sufficiently to show the if part.

stab . dim A = 0 ⇔ mod A = add{Ωi
AM |i ∈ Z} for ∃M ∈ mod A

⇔ ]{ΩA-orbits in ΓA} < ∞
By Proposition3 ⇒ ]{τA-orbits in ΓA} < ∞, or

ΓA is finite.

Even if ]{τA -orbits in ΓA} < ∞, then A is representation-finite by Proposition 4.
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Corollary 6. rep .dim A = 3 ⇒ stab . dim A = 1.

Conjecture. Λ tame (not necessarily selfinjective) =⇒ rep .dim Λ ≤ 3.

⇐=/

Any wild hereditary algebra is a counter example.

Hope. A tame selfinjective =⇒ stab . dim A ≤ 1.

⇐=/

Any wild selfinjective algebra with radical cube zero is a counter example.
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Example

Let A = kQ/I, where Q is the quiver

2
α2

��
Q : 0

β2

OO

β1

����������

β3 ��========

1
α1

@@�������� 3

α3

^^========

and the ideal I is generated by

α1β1 − α2β2, α2β2 − α3β3, β1α1, β2α1, β1α2, β3α2, β2α3, β3α3.

Then A is a selfinjective algebra of type D4.
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Thus, the Auslander-Reiten quiver ΓA of A is of the form:

•

•��
?????? •??������ •��

?????? •??������ •��
?????? •??������ •��

?????? •??������ •��
?????? •??������

M

• •// •// •// •// •// •// •// •// •//
L

•//
N

•
M

•??������ •��
?????? •??������ •��

?????? •??������ •��
?????? •??������ •��

?????? •??������ •��
??????

We set X = M ⊕N ⊕ L. Then mod A = add{Ωi
AX|i ∈ Z} and hence stab .dim A = 0.
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